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TARGET PROBLEM

» An athlete is rotating a hammer
e Calculate the force on the arms.

|:arms:_I:
F=ma
_ av -
a=—=YV
dt
_dar .
V=—=I
dt

T = IOOep + ZOez (in cylindrical coord.)

We need
e to introduce curvilinear coordinates

» to describe cylindrical coordinates
« to calculate the derivative of ép



CYLINDRICAL COORDINATES

A7

Cylindrical coordinates are an
example of curvilinear coordinates

cartesian coord.
P: X, Yo Zo

cylindrical coord.

P: p, 0 7,
stangp =y/ X
7 =7 0<p<w
) 0<p<2r
, —00 < Z < 400
X=pCoSg
Sy =psing
=17

"



CYLINDRICAL COORDINATE SYSTEM: “informal introduction”

(X = pcosg N
sy =psing y
z2=1 &,
r=(X,y,z)=xe,+Yye, +ze, o
r=(pcose, psing,z) = p
= pCOS@e, + psinpe +z¢, d
(it is still in a cartesian coordinate system) 4 )
__ e
or oJ0(x,Y,z _ y
_XY.D) _10,0)-8 ‘ ‘
XN\~ OX z | >
This is the rate of variation of T with x keepingy X X
and z constant= it is a vector parallel to the x-axis
o o0(x,Y,z _ .
_9%Y.2) _91,0)=75 Pt
a)’\ EXERCISE:

How to calculate in a cylindrical coordinate system the €, axis and the e, axis?
or o(pcose, psing,

This is the rate of variation of T with y keeping x
and z constant= it is a vector parallel to the x-axis

0P\, op

or

2) = (cos ¢, sin ¢,0) = cos §0éx +sin ¢éy = §p

This is the rate of variation of T with p keeping ¢ and z constant=s it is a vector parallel to the p -axis

0(pcos ¢, psin g,

8(p\

8 Z) :(—Sln(D,COSQ,O):—pS”’] gpé\x+pcos¢é\y :§¢
®

This is the rate of variation of T with ¢ keeping p and z constant= it is a vector parallel to the ¢ -axis

____________________

i EXERCISE: i
i Express in a cylindrical i
i coordinate system :
i (i.e.using &, and €,)
i the vector:

_____________________



CURVILINEAR COORDINATE SYSTEI\/\S ]

Consider a cartesian coordinate system x, v, z

The surfaces x=c y=c and z=c are the coordinate surfaces.
Their intersection defines the x-axis, y-axis and z-axis

Consider another coordinate system defined by
the variables u,, u,, u,

We assume that there is a one-to-one relationship
between x; and u;,

so that x; can be expressed as a function of u; (and vice- versa) )

X: x(ul,uz,u3)

y= y(uliuz’us)
(z=12(u,,U,,u,)

- The surfaces defined by u,=c
are called coordinate surfaces

.

- The curves defined by the intersection of the coordinate
surfaces are called coordinate curves

- The 3 curves uy, U,, U; are the coordinate axes

A system of curvilinear coordinates is orthogonal

DEFINITION if the coordinate curves are perpendicular to each other
where they intersect

Uj :5"(




CURVILINEAR COORDINATES
Z
Uy P, (xy2)
Point P the basis is defined by dr
the unit vectors: y u,
\&«@9\?‘ X,Y, éx éy éz (dx, dy, dz) é,
@ é u
& ? 1
\)?‘\\\\/\$ Uy, Uy, U ? ? €4 €, 8
@ > >
ex X

An orthogonal curvilinear coordinate system
has an orthonormal basis {é.¢,.é,} in each point and

DEFINITION 1 oF F
6, = with scale factor h =|—
h 8u u
_ g |rar| aler| )
magnitude 1 &= h ou —ma =
Orthonormal: , =66 =0,
orthogonal 6 .6, = 1o 1 fori £
' hou h;au, T
ar ar ar ’ Kronecker delta
dr =—du, + —du, + —du, = he,du, + h,&,du, + h.é,du,

ou, ou, ou,

dr = > hdu,é




SURFACE ELEMENT AND VOLUME ELEMENT

In a Cartesian coordinate system:

dr = (dx,dy,dz) = dxé, +dyé, +dzé,
dS, =dydz

dS, = dxdz
dS, = dxdy
dV = dxdydz

In a orthogonal curvilinear coordinate system:
dr = hdu,é, + h,du,é, + h,du.é,
dS, = h,h,du,du,
dS, = hh,du,du,
dS, = hh,du,du,
dV =hh,h,du,du,du,

4

A

dz

dx

hsdus

h,du,

v



Orthonormal basis

X = pCOS ¢

y=psing
Z1=1

T =pCospé, +psingé, +1¢,

CYLINDRICAL COORDINATES

A7

6 =1 ith =
h. ou. ou,
a = (cos ¢, sin ¢, 0)
op
o . . lor
o (—psing, pcosy,0) ep—h—%—(cow ,sin@,0) = Cos g€, +sin pé,
or — T
—_(001) ~ 1o0r : P 4
0z <€, :h_%: (—sinp,cos ¢, 0) = —sin g€, +cos pe,
h, =ycos® p+sin®p =1 v
\/ (0 : ® : §> ~ 1 6F dSp Z,OdeZ
h, =\/(—pSIn(p) +(pcosg) =p €, :h_g_(o 0,1) =
h 1 dS, = pdedp
EXERCISE: write T using €, ,6,,6, dV = pd pdedz

___________________________________________________




E_=F
_ TARGET PROBLEM
F=ma
_ v -
a=—=YV
dt
_dar .
V=—=T
dt
r = poép + ZOéz (in cylindrical coord.)
F,..=-Ma=-mV=-mr
d d K———» =-0 (the length does not chan.ge)
T=—7T=—(p€ +p€ +26 +2,6 )=
dt dt ( o o LZO (Zth2hammer rotates on a plane z=constant)
At N
8 = %(cos @,s5in@,0) =(—@sing,pcosp,0)=@(-sing,cosp,0) = (oé(p;
i !
i d oo |
A
d



PRACTICAL EXAMPLE: THE BIOT-SAVART LAW

The magnetic field in a point P of a steady line current is given by the Biot-Savart law:

A Z

Where dl 'is an infinitesimal length along the wire,
I is the position vector of the point P and
I is a vector from the origin to dI '

Therefore, T —T ' is a vector from dl ' to P




PRACTICAL EXAMPLE: THE BIOT-SAVART LAW

The magnetic field in a point P of a steady line current is given by the Biot-Savart law:
_ N dl 'x(F-F"
B(T) =2 j _(_'3 ) 2 Z
47 ‘r T ‘

L

Calculate the magnetic field in P= %€, + Y€,
produced by a straight wire along the z-axis
with current | and length 2b and centred at z=0.

SOLUTION:

If r, = «/Xé + y§ is the distance from the originto P,

in cylindrical coordinates: T =Tr.&

v

cp

T ) 1 12 T A X
1(z)=(0,0,z")=z'¢, =dl'=dz'§,
with z':-b—>+b
r'=2'¢
—  — ~ ' A ' 2 12
r-T'=ré -2'¢, = [[-T|=\r’+z
di 'x(T-T")=dz'é,x(r.é, - 2'¢,)=r.dz'é,

4 b
— | (o rdz'e 7 dz' ~ L] z' I 2b
B(T):,uo I : (p3/2 =€, = ch. 7z = & o fe 2 [ 2 2 = [¢2 26‘”

472- 7b(r02+zl2) 472' 7b(rc2+zl2) 472- rc rc +Z| N 47Z-rc rc +b
= I .

If the wire is infinitely long,we need to calculate the limit for b—o0 =  B(T) = L €

4
27r,



WHICH STATEMENT 1S WRONG?

e

1- ep does not depend on the position

o

2- €, is constant everywhere (red)

3- Cylindrical coordinates are appropriate with
a cylindrical symmetry

4- Cylindrical coordinates are a curvilinear coordinate system (blue)

11



TARGET PROBLEM

The electric field is conservative. The electrostatic potential ¢ is defined by: E = Vo

EV=E—Y§ — V. (V¢) — V2¢ =0 Laplace’s equation

first Maxwell’s equation with no charge

Al

Calculate the electrostatic potential generated
outside a spherical charge.

A
v

Due to the spherical symmetry, the solution
will depend only on the radius: ¢ = ¢(r)

with r=|F|

We need to:

 introduce spherical coordinates

 calculate gradient and divergence in spherical coordinates
» solve the equation

12



N

SPHERICAL COORDINATES

A7

spherical coordinates are an
example of curvilinear coordinates

cartesian coord.
P: X Yo. Zo

spherical coord.
P.r, 6, ¢

f
r=xt+y2+7°

/2 2
tan@:u

/\

Z 0<r<w
tanp =y/x 0<O<n
L 0<p<2r
(X =rsin@dcos g
y=rsinésing
(Z=rcosd

13



SPHERICAL COORDINATES

I e P
Orthonormal basis g—--f‘
0o /"
(X =rsin@cosg r
sy=rsindsing
r
(zZ=rcosd sy
T =rsindcospe, +rsindsinge +rcosoe, .
=2 with h="
h, ou, ou,
gz(sin0c05go,sin6?singo,cose)
or . . T
5~ (reos@cosg, reosgsing, —rsin o) € =hig—r= (sin @ cos ¢, sin #sin ¢, cos H)
r
or o : '
— = (-rsin@sin g, rsindcosp,0) ~ 1 6F ] ]
0p —>16, =h—% = (cos @ cos ¢, cosdsin @, —sin )
h = /sin? Gcos? p+sin? Gsin? p+cos? @ =1 0 :
r \\// 4 2 - 7 2 g =T (—sing,cos ¢,0) 4, =1 sin 600dg
sh, =4/(rcos@cosg)” +(rcosésing) +(rsind)” =r =————=(-SIhe,C0s ¢, > .
? : : | ” h,dp dV =r°sin@drddde
h¢=\/(rsin¢93ingo) +(rsin@cosp)” =rsind




GRADIENT IN CURVILINEAR COORDINATES

o¢ 0¢ a¢j_a¢é od . 0 .

In cartesian coordinates: gradg = — +—e +—¢€
OX oy 01 " ‘

ox oy ) oz

And in a curvilinear coordinate system? o
We must express gradg¢ in terms of the curvilinear basis €;,€,,€;:

grad¢ — glél + gzéz + g3é3

since dg=gradg-dir and dr =hdué +h,du,é, +h,du.é,
do = (glél + 9,6, + 956 ) '(hldulé\l +h,du,€, + hsdusés) :‘1\\g1h1/:du1 +‘192h2)du2 +‘<93h:§:du3

But also, writing ¢ as a function of u;: d¢ ::'—¢}du1 +{—¢}du2 +{—¢3du3
\ou,/ ou,,; O,/

Y b d a2
Therefore: glzi%, gzzi%, ggzi%
h, ou, h, ou, h, ou,
1 0¢ .
grad¢:2——¢ei




GRADIENT IN CURVILINEAR COORDINATES

THE GRADIENT
= in cylindrical coordinates:

1o, ,L1op, 10p, |0p, 10p, 04,

radg=——"-e +——=¢ e =—/—e +——¢e +—L¢
g¢h8pph8qo ho® |op” pop? "

z

= in spherical coordinates:

grad¢__@Ar 8¢A 18¢A:6¢A 16¢A+ 1 8¢A
h. or h 69 h op 7 |or r oo r3|n98go

CURLIN

DIVERGENCE IN CURVILINEAR COORD.
CURVILINEAR COORD. R A R
hlel h2e2 h3e3

. — 1 0 0 0 — 0 0 0

A= —(Ahh,)+— (A — h A=

div hh,h, 8ul(A1 ’ 3)+8u2 (% ‘°’hl)+8u3(A3h1 2)} ot hhh oy du, ou,
Proof: see theorem 10.4, page 109 hlAl h2A2 h3A3

. EXERCISE: calculate in spherical coordinates VA | oot e teorem 105, page 11

__________________________________________________________________________
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V=0

Which can be written as:

Vig=V-(Vg)=

TARGET PROBLEM

Due to spherical symmetry

¢ =¢(r)

A

with r=|F|

Due to spherical symmetry, the solution is easy in spherical coordinates

grad¢:£8¢’18¢’ _ a¢j a¢Ar 1a¢A+ 1 a¢A
or rof rsinfop) or r oo r9n96¢
A=) S (AR (AR (A ) -
hh,h, r’siné
div(gradg)= 21_ { ( ¢ 23m6’j+i(l%rsm6’j o (r L9
resiné| or\ or oo\ r o6 oQ
:; —
\
8¢+g@¢:0 :>gMU=—%+d E=-gradg =

or? ror

/

rsiné op
=0

e

M|

v

{ (Ar? sm9)+—(A9rsm¢9) aa

¢ = ¢(r) = No ¢ and no ¢ dependence

C .
—26

209, a¢



WHICH STATEMENT 1S WRONG?

1- The scale factor is necessary to calculate the gradient

2- The scale factor is necessary to calculate the divergence (red)

3- Spherical coordinates are a curvilinear coordinate system (blue)

4- In spherical coordinates the position vectoris T =(r,6,¢)

18
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